Abstract. Inspired by Buchweitz and Flenner [3], we show that, for a semidualizing bimodule C, C-perfect complexes have the ability to detect when a ring is strongly regular. It is shown that there exists a class of modules which admit minimal resolutions of C-projective modules.
Introduction
Let R be a fixed associative ring with identity element and let all R-modules be unital left R-modules. Over noetherian rings, Foxby [8] , Vasconcelos [17] and Golod [9] independently, initiate the study of semidualizing modules.
Over a commutative noetherian ring S a finite (i.e. finitely generated) S-module C is called semidualizing if the natural homothety map χ S C : S −→ Hom S (C, C) is an isomorphism and Ext Over a non-commutative ring a semidualizing bimodule is defined in [12] . For a semidualizing (R, R)-bimodule C, the class of C-projectives, denoted by P C , consists of those R-modules of the form C ⊗ R P for some projective R-module P . This class have been studied in numerous papers, see e.g. [12] , [5] and [16] . In [12] , Holm and White prove that P C is precovering on the category of R-modules and define P C -projective dimension. In [16] , Takahashi and White study the P C -projective dimension and its relation with projective dimension.
In [3] , Buchweitz and Flenner characterize the commutative noetherian rings which are strongly regular. Our first objective is to detect when a ring is strongly regular by means of C-perfect complexes (see Proposition 3.4). We also prove that C-projective modules have the ability to detect when a ring is hereditary ( Proposition 3.2). Our second goal is to find a class of R-modules which admit minimal P C -resolutions (see Proposition 3.7).
Preliminaries
Throughout, R is a fixed associative ring with identity element and let all Rmodules be unital left R-modules. Right R-modules are identified with left modules over the opposite ring R op . An (R, R)-bimodule M is both left and right R-module, and that these structures are compatible in the sense that s(xr) = (sx)r for all s, r ∈ R and x ∈ M . Definition 2.1. [12, Definition 2.1] An (R, R)-bimodule C is semidualizing if (a1) C admits a degreewise finite R-projective resolution.
(a2) C admits a degreewise finite R op -projective resolution.
(b1) The homothety map
Note that the above definition agrees with the definition of semidualizing Rmodule, when R is commutative noetherian ring. For the remainder of this section C denote a semidualizing (R, R)-bimodule. The following class of modules is already appeared in, for example, [7] , [11] , and [12] . Definition 2.3. An R-module is called C-projective if it has the form C ⊗ R P for some projective R-module P . The class of (resp. finite) C-projective modules is denoted by P C (resp. P f C ).
2.4.
A complex A of R-modules is called Hom R (P C , −)-exact if Hom R (C ⊗ R P, A) is exact for each projective R-module P . The term Hom R (−, P C )-exact is defined dually. 2.5. A P C -resolution of an R-module M is a complex X in P C with X −n = 0 = H n (X) for all n > 0 and M ∼ = H 0 (X). The following exact sequence is the augmented P C -resolution of M associated to X:
The P C -projective dimension of M is the quantity
The objects of P C -projective dimension 0 are exactly C-projective R-modules.
The notion (proper) P C -coresolution is defined dually. The augmented P C -
The following proposition which is known before for commutative rings is also true for non-commutative rings. 
2.7. By [12, Proposition 5.3] the class P C is precovering, that is, for an R-module M , there exists a projective R-module P and a homomorphism φ : C ⊗ R P → M such that, for every projective Q, the induced map
is surjective. Then one can iteratively take precovers to construct a complex
For the notions precovering, covering, preenveloping and enveloping one can see [6] .
Note that if C is faithfully semidualizing (R, R)-bimodule and M is an R-module, then, by Proposition 2.6, P C -pd (M ) is equal to the length of the shortest complex as (2.7.1). Thus for any R-module M , the quantity P C -projective dimension of M , defined in [12] and [16] , is equal to P C -pd (M ) in 2.5.
Results
Recall the following proposition which is also true for non-commutative rings.
Proposition 3.1. [16, Theorem 2.11] Let C be a faithfully semidualizing (R, R)-bimodule and M an R-module. The following equalities hold.
A ring R is (left) hereditary if every left ideal is projective. The Cartan-Eilenberg theorem [13, Theorem 4.19] shows that R is hereditary if and only if every submodule of a projective module is projective. We show that being a ring hereditary can be detected by C-projective modules, which is interesting on its own.
Proposition 3.2. Assume that C runs trough the class of faithfully semidualizing (R, R)-bimodule. The following statements are equivalent.
(i) R is left hereditary.
(ii) For any C, every submodule of a C-projective R-module is also C-projective.
(iii) There exists a C such that every submodule of a C-projective R-module is also C-projective.
Proof. (i)⇒(ii)
. Let C be a faithfully semidualizing bimodule and N a submodule of C ⊗ R P with projective P . Then one gets the exact sequence 0
(ii)⇒(iii) is immediate.
(iii)⇒(i). As every submodule of a C-projective R-module is C-projective, for any R-module M one has P C -pd (M ) 1. Then for any R-module N one gets 
where P i are finite projective R-modules. Such a complex is called indecomposable if it is not quasiisomorphic to a direct sum of two non-trivial C-perfect complexes.
When C = R, an R-perfect complex is the perfect complex in [3] . (i) R is strongly r-regular.
(ii) For any faithfully semidualizing bimodule C, every C-perfect complex is quasiisomorphic to a direct sum of complexes of length r. (iii) There exists a faithfully semidualizing bimodule C such that every C-perfect complex is quasiisomorphic to a direct sum of complexes of length r. 
• is a C-perfect complex of length r.
• , where each T
(i)
• is a C-perfect complex of length r. By [10, III.3.2(b)], complex Cone(α) is an acyclic complex of C-projective R-modules. It follows that Hom R (C, Cone(α)) is also an acyclic complex. As Cone(Hom R (C, α)) = Hom R (C, Cone(α)), the complex Cone(Hom R (C, α))
• ) is a perfect complex of length r. Thus R is strongly r-regular. (a) Every C-perfect complex is quasiisomorphic to a minimal one. Here is an example of a minimal indecomposable C-perfect complex which is a modification of a construction given in [3] .
Example 3.6. Let R be a commutative noetherian local ring and x, y a regular sequence of R. Consider the minimal complex
where A is the matrix xy y 2 −x 2 −xy .
For each n, one obtains a minimal C-perfect complex of length n as
where
As x, y is also a C-sequence and C is indecomposable, similar to the proof of [3,
We will provide further example of a minimal indecomposable C-perfect complex of length n, for each n, in Example 3.11.
It is proved in [18, Lemma 4.9 ] that every finite module M over a noetherian local ring R with P f C -pd(M ) < ∞ admits a minimal P f C -resolution. Now we show that every finite R-module which has a proper P C -resolution, admits a minimal proper one. Note that if P Proposition 3.7. Assume that R is a commutative noetherian local ring. Then P f C is covering in the category of finite R-modules. For any finite R-module M , there is a complex X = · · · −→ C n 1 −→ C n 0 −→ 0 with the following properties.
(
(2) X is a minimal complex.
If M admits a proper P C -resolution, then X + is exact and so X is a minimal
Proof. Let M be a finite R-module. Assume that n 0 = ν(Hom R (C, M )) denote the number of a minimal set of generators of Hom R (C, M ) and that α : R n 0 −→ Hom R (C, M ) is the natural epimorphism. As α is a P f -cover of Hom R (C, M ),
Proceeding in this way one obtains a complex
is the inclusion map for all i ≥ 1. As the maps in X are obtained by P f C -covers, the complex X + is Hom R (P C , −)-exact. It is easy to see that Hom R (C, X) is minimal free resolution of Hom R (C, M ). It follows, by [2, Proposition 1.7] , that X is a minimal complex. If M admits a proper P C -resolution, then by [16, Corollary 2.3] , X + is exact.
The proof of the next lemma is similar to [16, Corollary 2.3] .
Lemma 3.8. Let M be a finite R-module. The following are equivalent. (
(2) Y is a minimal complex.
If M admits a proper P f C -coresolution, then + Y is exact and so Y is a minimal proper P C -coresolution of M .
Proof. Let M be a finite R-module. Assume that m 0 = ν(Hom R (M, C)) denote the number of a minimal set of generators of Hom R (M, C) and that α : Example 3.10. Let R be a commutative noetherian local ring and x = x 1 , ..., x n a regular R-sequence. As x is also a C-sequence, the Koszul complex K • (x, C) is a minimal P C -resolution of C/xC. By [14, Theorem 2.2.6], C/xC is a semidualizing R/xR-module and one has the natural isomorphisms Hom R (C, C/xC) ∼ = Hom R/xR (C/xC, C/xC) ∼ = R/xR.
Therefore there exists an isomorphism of complexes Hom
is exact and so K • (x, C) is a minimal proper P C -resolution of C/xC.
As x is a regular sequence, the induced map
by the differential d i , is injective. Thus, similar to the proof of [3, Proposition 1.5], one can see that K • (x) is an indecomposable perfect complex of length n. Note that
is an indecomposable C-perfect complex of length n. (resp. L • ) is a proper minimal P C -resolution (resp. P C -coresolution) of C/xC.
For each n, one obtains a C-perfect complex of length n as 
